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Abstract
The non-Abelian tensor gauge fields take values in extended Poincare´ algebra. In
order to define the invariant Lagrangian we introduce a vector variable in two alter-
native ways: through the transversal representation of the extended Poincare´ algebra
and through the path integral over the auxiliary vector field with the U(1) Abelian
action. We demonstrate that path integral formulation allows to fix the unitary gauge,
derive scattering amplitudes in spinor representation and to define the gauge invariant
Lagrangian in a curved space-time.
1. The concept of local gauge invariance formulated by Yang and Mills [1] allows to define
the non-Abelian gauge fields, to derive the Lagrangian, the dynamical field equations and to
develop a universal point of view on matter interactions [2, 3, 4]. It is appealing to extend
the gauge principle so that it will define the interaction of non-Abelian tensor gauge fields
as well1.
The recently proposed generalisation of Yang-Mills theory [26, 27, 28, 29, 34, 35, 36] is
based on the extension of the Poincare´ algebra LG(P) with additional generators Lλ1...λna .
The invariant Lagrangian is defined in terms of a composite gauge field Aaµ(x, e⊥) and the
field strength tensor Gaµν(x, e⊥) depending on the space-time coordinates xµ and the transver-
sal space-like vector variable eλ⊥ [30, 31, 32, 29, 34]. The variable e
λ
⊥ belongs to irreducible
transversal representation Lλ1...λna = Lae
λ1
⊥ ...e
λn
⊥ of the algebra LG(P) and fulfils the equa-
tions: e2⊥ = −1, (n · e⊥) = 0, n2 = 0. These equations are reminiscent of the Abelian
gauge field equations. We shall elevate this fact into a guiding principle postulating that
the dynamics of the vector variables eλ(x) is governed by the Abelian U(1) action and the
Lagrangian of the tensor gauge fields is
L = −1
4
〈Gaµν(x, e)Gaµν(x, e)〉 = −
1
4
∫
Gaµν(x, e)Gaµν(x, e) e−
i
4
∫
F 2(e)d4x Deλ , (1)
where Fρλ = ∂ρeλ − ∂λeρ and 〈...〉 =
∫
...Deλ denotes a path integral over eλ(x). The
advantage of the above formulation lies in the fact that the dynamics of the auxiliary variable
eλ(x) is identical to the photon dynamics and therefore naturally describes the space-like
transversal polarisations e⊥ appearing earlier in Lλ1...λna representation of the LG(P) algebra.
The expansion of the integrand Gaµν(x, e)Gaµν(x, e) over the auxiliary variable eλ⊥ expresses
the Lagrangian L in terms of vacuum expectation values
L =
∞∑
s=0
1
s!
Lλ1...λs 〈eλ1⊥ ...eλs⊥ 〉 . (2)
The LG(P) generators have the form Lλ1...λna = Laeλ1⊥ ...eλn⊥ and the vacuum expectation values
〈Lλ1...λna |Lλn+1...λsb 〉 = δab 〈eλ1⊥ ...eλn⊥ eλn+1⊥ ...eλs⊥ 〉 play the role of the Killing metric. The Killing
metric contracts only the space-like components and guarantee the absence of negative norm
time-like components of the tensor gauge fields in the Lagrangian L.
1The research in high spin field theories has long and rich history. One should mention the early works of
Majorana [5], Fierz [6], Pauli [7], Dirac [8], Ginsburg and Tamm [9], Weinberg [10], Minkowski [11], Nambu
[12],Schwinger [13], Ramond [14], Singh and Hagen [15], Fronsdal [16], Brink et.al. [17, 18], Berends et.al.
[19], Fradkin[20], Vasiliev [21], Sagnotti, Sezgin and Sundel [22], Metsaev [23], Manvelyan et.al. [24] and
many other works (see also the references in [25]).
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2. The non-Abelian tensor gauge fields Aaµλ1...λs(x), s = 0, 1, 2, ... are totally symmetric
in indices λ1...λs and are the components of the field Aµ(x, e) [26, 27, 28]:
Aµ(x, e) =
∞∑
s=0
1
s!
Aaµλ1...λs(x) Lae
λ1 ...eλs (3)
taking values in the extended Poincare´ algebra. The LG(P) algebra [28, 29, 34, 35] is:
[P µ, P ν ] = 0,
[Mµν , P λ] = ηνλ P µ − ηµλ P ν ,
[Mµν , Mλρ] = ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ,
[P µ, Lλ1...λsa ] = 0,
[Mµν , Lλ1...λsa ] = η
νλ1 Lµλ2...λsa − ηµλ1 Lνλ2...λsa + ...+ ηνλs Lµλ1...λs−1a − ηµλs Lνλ1...λs−1a ,
[Lλ1...λka , L
λk+1...λs
b ] = ifabcL
λ1...λs
c . (4)
It incorporates the Poincare´ and internal algebra LG with structure constants fabc. The gen-
erators Lλ1...λsa carry the internal charges and spins. There is no conflict with the Coleman-
Mandula theorem [33] because the theorem applies to the symmetries that act on S-matrix
elements and not to symmetries which acts on the gauge field Aµ(x, e). The algebra (4) is
invariant with respect to the ”gauge” transformations [29, 34, 35]:
Lλ1...λsa → Lλ1...λsa +
∑
1 χ P
λ1Lλ2...λsa +
∑
2 χ P
λ1P λ2Lλ3...λsa + ... + χ
s P λ1...P λsLa
Mµν → Mµν , P λ → P λ, (5)
where the sums
∑
1,
∑
2, ... are over all inequivalent index permutations and χ is a scalar.
The invariance retains if one consider any translationally invariant vector nλ instead of P λ.
The representations of LG(P) are therefore defined modulo longitudinal terms proportional
to the momentum P λ. The algebra LG(P) has representation in terms of the differential
operators:
P µ = kµ,
Mµν = i(kµ
∂
∂kν
− kν ∂
∂kµ
) + i(eµ
∂
∂eν
− eν ∂
∂eµ
),
Lλ1...λsa = e
λ1 ...eλs ⊗ La . (6)
The irreducible transversal representation is defined by invariant equations [30, 31, 32]:
n2 = 0, (n · e⊥) = 0, e2⊥ = −1, (7)
2
where nλ is an arbitrary light-like vector
2. These equations have the solution
eµ⊥ = χn
µ + eiϕeµ+ + e
−iϕeµ−, (8)
where eµ± are helicity polarisation vectors, the variables χ and ϕ are defined on the cylinder
ϕ ∈ S1, χ ∈ R1. The representation of the generators Lλ1...λsa therefore is:
L⊥ λ1...λsa =
s∏
n=1
(χnλn + eiϕeλn+ + e
−iϕeλn− )⊗ La (9)
and it is transversal because of (7):
nλ1L
⊥λ1...λs
a = 0, s = 1, 2, ... (10)
Opening the brackets in (9) and separating terms containing the variables nλi we shall get
the first term of the form
∏s
n=1(e
iϕeλn+ + e
−iϕeλn− ) which represents the helicity generators
(Lλ1...λsa+···+, ..., L
λ1...λs
a−···−) with helicity spectrum h = (+s,+s−2, ......,−s+2,−s). The rest of the
terms contain nλ and correspond to the transformation (5) of L⊥ λ1...λsa .
Substituting the representation (9) of the L⊥λ1...λsa into the expansion (3) and collecting
terms in front of the helicity generators (Lλ1...λsa+···+, ..., L
λ1...λs
a−···−) we shall get (see Appendix for
details)
Aµ(x, e) =
∞∑
s=0
1
s!
( Aµ+···+ + ... + Aµ−···− ), (11)
where s is the number of helicity indices and Aµ+···− = Aaµλ1...λs L
λ1...λs
a+···−. It follows from (11)
that the time components λi = 0, i = 1, ..., s of the tensor gauge fields have been gauged
away. The rest of the time components (A0+···+, ..., A0−···−), when the first index µ = 0 is
equal to zero, will be gauged away by the gauge transformation [1, 28, 29]:
A′µ(x, e) = U(ξ)Aµ(x, e)U−1(ξ)−
i
g
∂µU(ξ) U
−1(ξ), (12)
where U(ξ) = exp (iξ(x, e)) and the parameter ξ(x, e) depends on the vector variable [28, 29]:
ξ(x, e) =
∑
s
1
s!
ξaλ1...λs(x) L
λ1...λs
a .
2A vector variable, in addition to the space-time coordinate x, was introduced earlier by Yukawa [30],
Fierz [31] and Wigner[32].
3
The components ξaλ1...λs(x) are totally symmetric. The commutator of covariant derivatives
∇abµ = (∂µ − igAµ(x, e))ab defines the field strength tensor
Gµν(x, e) = ∂µAν(x, e)− ∂νAµ(x, e)− ig[Aµ(x, e) Aν(x, e)]
=
∑
s
1
s!
Gaµν,λ1...λs(x) L
λ1...λs
a , (13)
which transforms homogeneously G ′µν(x, e)) = U(ξ)Gµν(x, e)U−1(ξ) and the gauge invariant
Lagrangian is defined as [26, 27, 28]
L(x) = 〈L(x, e)〉 = −1
4
〈Gaµν(x, e)Gaµν(x, e)〉. (14)
Using the LG(P) generators (9) one can calculate the Killing metric [29, 34, 36]:
LG : 〈La|Lb〉 = δab, (15)
LP : 〈P µ|P ν〉 = 0
〈Mµν |Pλ〉 = 0
〈Mµν |Mλρ〉 = ηµληνρ − ηµρηνλ
LG(P) : 〈P µ|L⊥ λ1...λsa 〉 = 0,
〈Mµν |L⊥ λ1...λsa 〉 = 0,
〈L⊥ λ1...λna |L⊥ λn+1....λ2s+1b 〉 = 0, s = 0, 1, 2, 3, ...
〈L⊥ λ1...λna |L⊥ λn+1....λ2sb 〉 = δab s! (η¯λ1λ2 η¯λ3λ4 ...η¯λ2s−1λ2s + perm),
where η¯λ1λ2 is the projector into the two-dimensional plane transversal to the light-like vector
nλ [13]:
η¯λ1λ2 = −ηλ1λ2 + n
λ1n¯λ2 + n¯λ1nλ2
nn¯
=
∑
i=±
eλ1i e
λ2
i , nλ1 η¯
λ1λ2 = nλ2 η¯
λ1λ2 = 0, (16)
where n = (n0, ~n) and n¯
µ = (n0,−~n) and the Killing metric is transversal (7):
nλi〈L⊥ λ1...λna ;L⊥ λn+1....λ2sb 〉 = 0, i = 1, 2, ...2s. (17)
Expanding the L(x, e) in (14) over the vector variable eλ we shall get [26, 27, 28]:
L(x) = 〈L(x, e)〉 =
∞∑
s=0
1
s!
Lλ1...λs(x) 〈eλ1 ...eλs〉 . (18)
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In particular, the term quadratic in eλ is
L2 = Lλ1λ2〈eλ1eλ2〉 = −
1
4
(Gaµν,λ1G
aµν,
λ2
+Gaµν,λ1λ2G
aµν)η¯λ1λ2 (19)
or using the bar symbol over the indices indicating the transversal Killing metric contraction
(16) we get
L2 = −1
4
Gaµν,λ¯ G
aµν,λ¯ − 1
4
Ga λ¯µν,λ¯ G
aµν . (20)
3. In the transversal representation (9) of the LG(P) algebra the tensor gauge fields (11)
are partially gauged and the residual gauge transformation of (12), (48) takes the following
form [26, 27, 28]
A
′
µ = Aµ +∇µξ, (21)
A
′
µ± = Aµ± + ∂µξ± − ig[Aµ, ξ±]− ig[Aµ±, ξ],
A
′
µ±± = Aµ±± +∇µξ±± − ig([Aµ±, ξ±] + [Aµ±, ξ±] + [Aµ±±, ξ]),
A
′
µ+− = Aµ+− +∇µξ+− − ig([Aµ+, ξ−] + [Aµ−, ξ+] + [Aµ+−, ξ]),
......... . ............................
where Aµ± = AaµλL
⊥λ
a± , ξ± = ξ
b
λL
⊥λ
b± , Aµ±± = A
a
µνλL
⊥νλ
a±±, ξ±± = ξ
b
νλL
⊥νλ
b±± and so on. Using
the residual gauge transformation (21) we can impose the Lorentz gauge on the rest of the
field components:
∂µA
′
µ+....− = 0. (22)
Indeed, we shall impose the standard Lorentz gauge ∂µA
′
µ = 0 by solving the equation
∂µAµ + ∂
µ∇µξ = 0, ξ = −(∂µ∇µ)−1∂νAν . (23)
Imposing a similar gauge ∂µA
′
µ± = 0 on the tensor gauge field we get
∂µAµ± + ∂
µ∇µξ± − ig∂µ[Aµ±, ξ] = 0, (24)
which can be solved by using the gauge parameters ξ±
ξ± = −(∂µ∇µ)−1∂ν(Aν± − ig[Aν±, ξ]), (25)
The gauge condition ∂µA
′
µ±± = 0 on the rank-3 gauge field can also be resolved by
ξ±± = −(∂µ∇µ)−1∂ν(Aν±± − 2ig[Aν±, ξ±]− ig[Aν±±, ξ]),
ξ+− = −(∂µ∇µ)−1∂ν(Aν+− − ig[Aν+, ξ−]− ig[Aν−, ξ+]− ig[Aν+−, ξ]). (26)
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Thus the two-stage gauge fixing procedure (7) - (11) and (22) - (26)
Aµ+···− = A
a
µλ1...λs
Lλ1...λsa+···− and ∂
µA
′
µ+....− = 0 (27)
allows to completely exclude the time-like components of the tensor gauge fields leaving only
pure transversal helicity polarisations.
4. As it was demonstrated above, the vector variable eλ has the properties which are
reminiscent of the Abelian gauge field. We shall elevate this fact into a guiding principle
postulating that the dynamics of the vector variables eλ(x) is governed by the Abelian U(1)
action. We shall consider now the Killing metric (15) as a correlation function of the Abelian
U(1) gauge field eλ(x) defined in terms of the Feynman path integral:
〈Teλ1(x1)...eλs(xs)〉 =
∫
ei
∫
(− 1
4
Fαβ(e)F
αβ(e)+Jαeα)eλ1(x1)...e
λs(xs)Deλ(x), (28)
where the external current is conserved: ∂αJα = 0 [13]. The action for the vector variable
eλ(x) in the axial gauge has the form
∫
{−1
4
Fαβ(e)F
αβ(e) + λ2eα(x)nαnβe
β(x)}d4x = 1
2
∫
eα(x)Hαβe
β(x)d4x, (29)
where Hαβ = ηαβ∂
2−∂α∂β+λ2nαnβ, Hαβ = −ηαβk2+kαkβ+λ2nαnβ . The vector variable
propagator Hαβ(k)∆
βγ(k) = iδγα has the following expression:
∆αβ(k) =
(
− ηαβ + k
2 − λ2n2
λ2(k · n)2 k
αkβ +
kαnβ + nαkβ
(k · n)
)
i
k2 + iǫ
.
In the limit λ2 →∞
∆αβ(k) = i
(
− ηαβ − n
2
(k · n)2k
αkβ +
kαnβ + nαkβ
(k · n)
)
i
k2 + iǫ
the propagator is explicitly transversal
nα∆
αβ(k) = 0. (30)
In the light-cone gauge, when n2 = 0, we shall get
∆αβ(x− y) = 〈0|Teα(x)eβ(y)|0〉 = ∫ ddk
(2π)d
(
− ηαβ + kαnβ+nαkβ
(k·n)
)
i
k2+iǫ
e−ik·(x−y) (31)
and the correlation function at the coincident points x→ y is:
〈0|Teα(x)eβ(x)|0〉 =
∫
ddk
(2π)d
(
− ηαβ + k
αnβ + nαkβ
(k · n)
)
i
k2 + iǫ
.
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The above integral depends on the covariant expression of the form
〈0|Teα(x)eβ(x)|0〉 = −Aηαβ +B(nαn¯β + n¯αnβ), (32)
where nα = (n0, ~n), n¯
α = (n0,−~n) and n2 = n¯2 = n20 − ~n2 = 0. Calculating the trace I and
contraction with nα, we shall get two equations: −4A+ 2B(n · n¯) = I, −A+B(n · n¯) = 0,
therefore B = A/(n · n¯) and
A =
∫
ddk
(2π)d
i
k2 + iǫ
. (33)
These lead us to the expression for the vector variable correlation function
1
A
〈0|Teα(x)eβ(x)|0〉 = −ηαβ + n
αn¯β + n¯αnβ
(n · n¯) , (34)
which is transversal to the vector nα (30). Because n
2 = 0, the matrix (34) has two eigen-
vectors e± in the space-like directions:
n2 = n¯2 = 0, (n · e±) = 0 (n¯ · e±) = 0, e2± = 0, (e+ · e−) = 1 (35)
and
η¯αβ =
1
A
〈0|Teα(x)eβ(x)|0〉 = −ηαβ + n
αn¯β + n¯αnβ
(n · n¯) =
∑
i=±
eαi e
β
i , (36)
Using the Wick theorem we shall get the metric (15). Thus the Killing metric, expressed in
terms of the Feynman path integral (28) and in terms of traces of the LG(P) generators (15)
in the transversal representation (9) coincide.
The conclusion is that the Lagrangian (1), (14) for the tensor gauge fields can be defined
in flat space-time in two equivalent ways: either by using transversal representation of the
LG(P) generators (15) or by postulating that the dynamics of the vector variable is governed
by the Abelian action (28). In both cases the vector variable has two transversal polarisations
and the corresponding Killing metric contracts transversal space-like components of the
tensor gauge fields. Being equivalent in flat space-time they are not equivalent in curved.
The advantage of the path integral formulation lies in the fact that it opens a prospect to
define the gauge invariant Lagrangian in curved space-time.
4. The Lagrangian (1), (14) defines the propagation of free tensor gauge bosons and
their interactions. The high-spin bosons interact through the triple and quartic interaction
vertices and a dimensionless coupling constant. In order to calculate scattering amplitudes
7
it is convenient to use spinor representation of amplitudes developed in [37, 38, 39, 40].
A scattering amplitude Mn = Mn(λ1, λ˜1, h1; ...; λn, λ˜n, hn) for the massless particles of
momenta pi and polarisation tensors εi (i = 1, ..., n) can be represented in terms of spinors:
kaa˙ = λaλ˜a˙, e
+
aa˙ =
µaλ˜a˙
< µ, λ >
, e−aa˙ =
λaµ˜a˙
[λ, µ]
, (37)
where
λa = (
√
k+,
kx + iky√
k+
), λ˜a˙ = (
√
k+,
kx − iky√
k+
), k+ = kt + kz ,
and µa is a reference spinor. In Yang-Mills theory the interaction vertex V V V is
Vabcαβγ(k, p, q) = −igfabcFαβγ(k, p, q) = −igfabc[ηαβ(p−k)γ + ηαγ(k− q)β + ηβγ(q−p)α]. (38)
In (1), (14) the interaction vertex V TT , the tensor-vector-tensor vertex is [28]
Vabcαα´βγγ´(k, p, q) = −igfabc[ηαβ(p− k)γ + ηαγ(k − q)β + ηβγ(q − p)α]η¯α´γ´ , (39)
where the indices (a, αα´, k) belong to the tensor gauge boson, (b, β, p) to the vector gauge
boson and (c, γγ´, q) to the second tensor gauge boson. In massless theory the momentum
conservation δ(k + p + q) equation has the solution k = (ω, 0, 0, r), p = (ω, 0, 0, r), q =
(−2ω, 0, 0,−2r) (ω2 = r2) that can be deformed by a complex parameter z [38, 37, 39,
40, 41], k = (ω, z, iz, r), p = (ω,−z,−iz, r), q = (−2ω, 0, 0,−2r) and the corresponding
polarisation vectors
e+k =
1√
2
(
z
ω
, 1,−i,−z
r
), e+p =
1√
2
(− z
ω
, 1,−i, z
r
), e−q =
1√
2
(0, 1, i, 0)
are orthogonal to the momenta k · e+k = 0, p · e+p = 0, q · e−q = 0. Computing the matrix
element of the YM vertex V V V (38) we shall get:
MYM(+1,+1,−1) = Fαβγ(k, p, q) e+αk e+βp e−γq =
= (e+k · e+p ) (p− k · e−q ) + (e+p · e−q ) (q − p · e+k ) + (e−q · e+k ) (k − q · e+p ) =
= 2(e+k · e+p ) (p · e−q ) + 2(e+p · e−q ) (q · e+k ) + 2(e−q · e+k ) (k · e+p ). (40)
In a spinor representation (37) the amplitude (40) is
MYM(+1,+1,−1) = [1, 2]
4
[1, 2][2, 3][3, 1]
,
8
where the reference spinors have been chosen as µ(k) = λ(p), µ(p) = λ(q) and µ(q) = λ(p). For
the V TT amplitude MGYM = ε
αα´(k)eβ(p)εγγ
′
(q) Vαα´βγγ´(k, p, q) δ(k + p+ q) we shall get
MGYM(+2,+1,−2) = 2
(
e+k · e+p ) (p · e−q )+(e+p · e−q ) (q · e+k )+(e−q · e+k ) (k · e+p )
)
(e+k · e−q ). (41)
The last term has the following form:
(e+k · e−q ) =
< µ(k), λ(q) > [λ(k), µ(q)]
< µ(k), λ(k) > [λ(q), µ(q)]
=
(
[1, 2]
[2, 3]
)2
, (42)
and in spinor representation we shall get
MGYM(+2,+1,−2) = [1, 2]
4
[1, 2][2, 3][3, 1]
(
[1, 2]
[2, 3]
)2
. (43)
The reference spinors for both tensor bosons are equal to each other: µ(k) = µ(q). Considering
the high spin tensors one can find
MGYM(+s,+1,−s) = [1, 2]
4
[1, 2][2, 3][3, 1]
(
[1, 2]
[2, 3]
)2s−2
, (44)
which reduces to the YM amplitude when s = 1. The TTT-amplitude for particles of
helicities (h1, h2, h3) has the following general form [17, 18, 41, 43]:
M3 = gf
abc < 1, 2 >−2h1−2h2−1< 2, 3 >2h1+1< 3, 1 >2h2+1, h3 = −1− h1 − h2,
M3 = gf
abc[1, 2]2h1+2h2−1[2, 3]−2h1+1[3, 1]−2h2+1, h3 = 1− h1 − h2. (45)
In particular, considering the interaction between bosons of helicities (+s,+1,−s) one can
get convinced that the general expression (45) is in full agreement with the direct calculation
(44).
5. The advantage of the path integral formulation of the Lagrangian (1), (14) is that it
can be defined in a background gravitational field as well [26, 27, 28]:
L = −1
4
∫
Gaµν(x, e)Gaµν(x, e)e−i
1
4
∫
Fαβ(e)F
αβ(e)
√−gd4xDeλ(x), (46)
where the field strength tensors are well defined in terms of ordinary derivatives:
Fαβ(e) = eβ;α − eα;β = ∂αeβ − ∂βeα
Gµν(x, e) = Aν;µ(x, e)−Aµ;ν(x, e)− ig[Aµ(x, e) Aν(x, e)]
= ∂µAν(x, e)− ∂νAµ(x, e)− ig[Aµ(x, e) Aν(x, e)]. (47)
9
It follows therefore that the extended gauge invariance, (12) and (48), still holds.
6. We calculated the scattering amplitudes of non-Abelian tensor gauge bosons at tree
level approximation in [43], as well as their one-loop contribution into the Callan-Symanzik
beta function [44]. This contribution is negative and corresponds to an asymptotically free
theory. The review article [45] contains the details of the calculations.
I would like to thank the CERN Theory Division, where part of this work was completed,
for kind hospitality.
1 Appendix
The explicit expression for the gauge fields transformation is [26, 27, 28]:
A
′
µ → Aµ +∇µξ, (48)
A
′
µλ1
→ Aµλ1 +∇µξλ1 − ig[Aµ, ξλ1 ]− ig[Aµλ1, ξ],
A
′
µλ1λ2
→ Aµλ1λ2 +∇µξλ1λ2 − ig([Aµλ1 , ξλ2] + [Aµλ2 , ξλ1 ] + [Aµλ1λ2 , ξ]),
......... . ............................
and the components of the field strength tensor are [26, 27, 28]:
Gaµν = ∂µA
a
ν − ∂νAaµ + gfabc Abµ Acν , (49)
Gaµν,λ = ∂µA
a
νλ − ∂νAaµλ + gfabc( Abµ Acνλ + Abµλ Acν ),
Gaµν,λρ = ∂µA
a
νλρ − ∂νAaµλρ + gfabc( Abµ Acνλρ + Abµλ Acνρ + Abµρ Acνλ + Abµλρ Acν ),
...... . ............................................
The transversal tensor gauge fields Aµ+···− appear in the expansion (11):
A(x, e) = Aµ +Aµλ1χnλ1+
1
2
Aµλ1λ2(χ
2nλ1nλ2 + eλ1+ e
λ2
− + e
λ1
− e
λ2
+ ) + ...
+Aµλ1e
iϕeλ1+ +
1
2
Aµλ1λ2e
iϕ(eλ1+ χn
λ2 + χnλ1eλ2+ ) + ...
+Aµλ1e
−iϕeλ1− +
1
2
Aµλ1λ2e
−iϕ(eλ1− χn
λ2 + χnλ1eλ2− ) + ...
+
1
2
Aµλ1λ2e
2iϕeλ1+ e
λ2
+ +
1
2
Aµλ1λ2e
−2iϕeλ1− e
λ2
− + ...
=> Aµ +Aµ+ + Aµ−+
1
2
Aµ++ +
1
2
Aµ−− ..... (50)
The phase factor eihϕ defines the helicity h of the generators Lλ1...λsa+···− = e
ihϕeλ1+ ....e
λs− ⊗ La .
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